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f
′′
= 2f 3 − 2[z, f ]+ + c
zf − fz = i~f
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❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ❢♦❧❧♦✇✐♥❣ ❧✐♥❡❛r s②st❡♠
Ψλ = A(z;λ)Ψ, Ψz = B(z;λ)Ψ ✭✷✮
❛♥❞ t❤❡ ▲❛① ♠❛tr✐❝❡s A ❛♥❞ B ❛r❡ ❣✐✈❡♥ ❜②{
A = (8iλ2 + if 2 − 2iz)σ3 + f
′
σ2 + (
1
4
cλ−1 − 4λf)σ1 + i~σ2
B = −2iλσ3 + fσ1 + fI
✭✸✮
✇❤❡r❡ ~ ✐s P❧❛♥❝❦ ❝♦♥st❛♥t ❛♥❞ σ1✱ σ2✱ σ3 ❛r❡ P❛✉❧✐ s♣✐♥ ♠❛tr✐❝❡s ❛♥❞ [z, f ]+ ✐s ❛♥t✐✲
❝♦♠♠✉t❛t♦r ♦❢ z ❛♥❞ f ✳ ❚❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✭✶✮ ✇❛s ❞❡r✐✈❡❞ ✐♥ ❬✶✺❪ ❜② t❛❦✐♥❣
t❤❡ q✉❛♥t✉♠ ❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥s ❬✷✶❪ ❛s ❛ ❦✐♥❞ ♦❢ q✉❛♥t✐③❛t✐♦♥ ❢♦r ◆♦✉♠✐✲❨❛♠❛❞❛
P❛✐♥❧❡✈é ■■ s②st❡♠ ❬✷✷❪✳ ❚❤✐s q✉❛t✐③❛t✐♦♥ ❝❛♥ ❜❡ t❛❦❡♥ ❛❛ ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ ❞❡❢♦r♠❡❞
s♣❛❝❡ t❤❛t ✐♥✈♦❧✈❡s t❤❡ st❛r ♣r♦❞✉❝t ❛♥❞ t❤❡ ✈❡rs✐♦♥ ♦❢ ♣✉r❡ ♥♦♥✲❝♦♠♠✉t❛t✐✈❡ P❛✐♥❧❡✈é ■■
✉♥❞❡r t❤❡ st❛r ♣r♦❞✉❝t ❤❛s ❜❡❡♥ ❞❡r✐✈❡❞ ❜② ❱✳ ❘❡t❛❦❤ ❛♥❞ ❱✳ ❘♦✉❜ts♦✈ ❬✷✸❪✳ ❇② ✉s✐♥❣ t❤❡
❝♦♠♠✉t❛t✐♦♥ r❡❧❛t✐♦♥ zf − fz = i~f t❤❡ ✜rst ❡q✉❛t✐♦♥ ✐♥ s②st❡♠ ✭✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
f
′′
= 2f 3 − 4zf − 2i~f + c. ✭✹✮
❚❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✭✹✮ r❡❞✉❝❡s t♦ t❤❡ ♦r❞✐♥❛r② P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✉♥❞❡r
t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t ✇❤❡♥ ~ → 0✳ ❙✉❜st✐t✉t✐♥❣ t❤❡ ❡✐❣❡♥✈❡❝t♦r Ψ =
(
ψ1
ψ2
)
✐♥ ❧✐♥❡❛r s②st❡♠
✭✶✮ ❛♥❞ s❡tt✐♥❣ ∆ = ψ1ψ
−1
2 ✱ ✇❡ ♦❜t❛✐♥ t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✐♥ ❘✐❝❝❛t✐ ❢♦r♠
❛s ❢♦❧❧♦✇
∆
′
= −4i∆+ f + [f,∆]− −∆f∆. ✭✺✮
■♥ s❡❝t✐♦♥ 5 ✇❡ ✇✐❧❧ s❤♦✇ t❤❛t ❤♦✇ t❤❡ ❘✐❝❝❛t✐ ❢♦r♠ ✭✺✮ ♦❢ t❤❡ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ❤❡❧♣❢✉❧
t♦ ②✐❡❧❞ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧✳
✸✳ ◆♦♥✲❙t❛t✐♦♥❛r② ❙❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❛♥❞ ◗✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ♦❜s❡r✈❡ t❤❛t ❤♦✇ t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✐s ❝♦♥♥❡❝t❡❞
t♦ t❤❡ q✉❛♥t✉♠ s②st❡♠ ❞❡s❝r✐❜❡❞ ❜② ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♥♦♥✲st❛t✐♦♥❛r② ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
✇✐t❤ ❛ s♣❡❝✐✜❝ ❝❤♦✐❝❡ ♦❢ ♣♦t❡♥t✐❛❧ V (x, t) ❛♥❞ ❡✐❣❡♥❢✉♥❝t✐♦♥ ψ(x, t) t❤❛t ❤❛s ❜❡❡♥ ❡①♣❧❛✐♥❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳
✸Pr♦♣♦s✐t✐♦♥ ✶✳✶✳
❚❤❡ t✐♠❡ ❞❡♣❡♥❞❡♥t ❙❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❢♦r ❛ ♣❛rt✐❝❧❡ ♦❢ ♠❛ss m ✇✐t❤ ♣♦t❡♥t✐❛❧ V (x, t)
−i~
∂ψ(x, t)
∂t
= −
~
2
2m
∂2ψ(x, t)
∂x2
+ V (x, t)ψ(x, t) ✭✻✮
r❡❞✉❝❡s t♦ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✭✹✮ ❛t ❝♦♥st❛♥t c = 0 ✇✐t❤ t❤❡ ❝❤♦✐❝❡ ♦❢ ♣♦t❡♥t✐❛❧
V (x, t) ❛s ❢♦❧❧♦✇
V (x, t) = γx− 2ψ∗(x, t)ψ(x, t). ✭✼✮
✇❤❡r❡ γ = 4i(2m
~
)
1
2 ❛♥❞ t❤❡ ❡✐❣❡♥❢✉♥❝t✐♦♥
ψ(x, t) = f(z, λ)eiαt, z = i(
2m
~2
)
1
2x. ✭✽✮
❚❤❡ ❢✉♥❝t✐♦♥ f(z, λ) s❛t✐s✜❡s t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✭✹✮✳
Pr♦♦❢✿
❋♦r t❤❡ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✻✮ ✇❡ ❝❛♥ ❡❛s✐❧② ❡✈❛❧✉❛t❡ ∂ψ(x,t)
∂t
❛♥❞ ∂
2ψ(x,t)
∂x2
✐♥ t❡r♠s ♦❢ z
✈❛r✐❛❜❧❡ ❛s ❢♦❧❧♦✇
∂ψ(x, t)
∂t
= iαf(z, λ)eiαt ✭✾✮
❛♥❞
∂2ψ(x, t)
∂x2
= −
2m
~2
f
′′
(z, λ)eiαt. ✭✶✵✮
◆♦✇ s✉❜st✐t✉t✐♥❣ t❤❡ ♣♦t❡♥t✐❛❧ ❢r♦♠ ✭✼✮ ❛♥❞ ✉s✐♥❣ t❤❡ r❡s✉❧ts ❢r♦♠ ✭✾✮ ❛♥❞ ✭✶✵✮ ✐♥ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ ✭✻✮✳ ❆❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥s✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥
f
′′
= 2f 3 − 4zf − α~f. ✭✶✶✮
❚❤❡ ❡①♣r❡ss✐♦♥ ✭✶✶✮ r❡♣r❡s❡♥ts q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ✭✹✮ ❛t ❝♦♥st❛♥t c = 0 ❛♥❞
α = 2i✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥ ✇❡ ❝♦♥str✉❝t t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ❛♥❞ ✐ts
❘✐❝❝❛t✐ ❢♦r♠ ✇❤✐❝❤ ❛r❡ ✉s❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ s♦❧✉t✐♦♥ t♦ t❤❡ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧
✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ✈❛r✐❛❜❧❡ z ❛♥❞ ✐ts ♣❛r❛♠❡t❡r λ✳
✹✳ ❙♦❧✉t✐♦♥ t♦ t❤❡ ◗✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥
❚❤✐s s❡❝t✐♦♥ ❝♦♥s✐sts t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥ ❢♦r t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ✐♥ ❘✐❝❝❛t✐
❢♦r♠ ✭✺✮ t❤❛t ❤❛s ❜❡❡♥ ❞❡s❝r✐❜❡❞ ✐♥ ♣r♦♣♦s✐t✐♦♥ 1.2 ❛♥❞ ❢✉rt❤❡r✱ ✐♥ ♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧
♦❜s❡r✈❡ t❤❛t ❤♦✇ t❤✐s ❘✐❝❝❛t✐ s♦❧✉t✐♦♥ ❝♦✐♥❝✐❞❡s t♦ t❤❡ ❝❡♥tr✐❢✉❣❛❧ ❡①♣r❡ss✐♦♥ ❬✶✻❪ ❛♥❞ ✐t
✐s ❤❡❧♣❢✉❧ t♦ ❝♦♥str✉❝t ❛♣♣r♦①✐♠❛t❡❞ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥ ❢♦r t❤❡ r❛❞✐❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥
✇✐t❤ t❤❡ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧ ❬✶✼❪ ✲ ❬✷✵❪✳
Pr♦♣♦s✐t✐♦♥ ✶✳✷✳
❲❡ ❝❛♥ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤♦✐❝❡ ♦❢ f(z;λ) ❛♥❞ ∆{
f = β(1− e−8λz)−1e−4λz
∆ = e4λz
✭✶✷✮
✹ ■❘❋❆◆ ▼❆❍▼❖❖❉
s❛t✐s✜❡s q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥ ✭✺✮ ✇❤❡r❡ β ✐s ❛ ❝♦♠♣❧❡① ♣❛r❛♠❡t❡r✳
Pr♦♦❢✿
❇② ✉s✐♥❣ s②st❡♠ ✭✶✷✮ ✇❡ ❝❛♥ s❤♦✇ t❤❛t
∆f∆ = βe4λz(1− e−8λz)−1, [f,∆]− = 0. ✭✶✸✮
◆♦✇ ❛❢t❡r ✉s✐♥❣ t❤❡ ✈❛❧✉s ♦❢ f(z;λ) ❛♥❞ ∆ ❢r♦♠ ✭✶✷✮ ✐♥ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥ ✭✺✮ ✇❡ ❣❡t
4λe4λz − 4λe−4λz = −4ie4λz + 4ie−4λz + βe−4λz − βe4λz
♦r
4(λ+ i)e4λz − 4(λ+ i)e−4λz = βe−4λz − βe4λz. ✭✶✹✮
❲❡ ❝❛♥ s❤♦✇ t❤❛t s②st❡♠ ✭✶✷✮ s❛t✐s✜❡s t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥ ✭✺✮ ❜② t❛❦✐♥❣ β = −4(λ + i)
✐♥ ❡q✉❛t✐♦♥ ✭✶✹✮✳
✺✳ ◗✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ ❛♥❞ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥
❚❤✐s s❡❝t✐♦♥ ❝♦♥t❛✐♥s ♦✉r ♠❛✐♥ r❡s✉❧ts✱ ✇❡ s❤♦✇ t❤❛t t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥
f ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❝❡♥tr✐❢✉❣❛❧ ❡①♣r❡ss✐♦♥ ♦❢ ❬✶✻❪ ❛♥❞ ✜♥❛❧❧② ✇❡ ❡①♣r❡ss ❛♥ ❛♣♣r♦①✐♠❛t❡❞
❢♦r♠ ♦❢ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧ ❬✶✼❪ ✲ ❬✷✵❪ ✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ f ✳ ❚❤❡
❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ♦❢ ❨✉❦❛✇❛ P♦t❡♥t✐❛❧ ❬✷✹❪ ✐♥ r❛❞✐❛❧ ❢♦r♠ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ❢♦❧❧♦✇
V (r) = −V0
e−2ar
r
. ✭✶✺✮
✇❤❡r❡ ✇❤❡r❡ V0 = αZ✱ α = (137.037)
−1 ✐s t❤❡ ✜♥❡✲str✉❝t✉r❡ ❝♦♥st❛♥t ❛♥❞ Z ✐s t❤❡ ❛t♦♠✐❝
♥✉♠❜❡r ♦❢ ♥❡✉tr❛❧ ❛t♦♠✳ ❚❤✐s ♣♦t❡♥t✐❛❧ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❡✈❛❧✉❛t❡ t❤❡ ♥♦r♠❛❧✐③❡❞ ❜♦✉♥❞✲
st❛t❡ ❛♥❞ t❤❡ ❡♥❡r❣② ❧❡✈❡❧s ♦❢ ♥❡✉tr❛❧ ❛t♦♠s✳ ■♥ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ 1.3 ✇❡ ❤❛✈❡ ❞❡s❝r✐❜❡❞
❛ ♣r♦❝❡❞✉r❡ t♦ ❡①♣r❡ss ❛♣♣r♦①✐♠❛t❡❞ ❢♦r♠ t♦ t❤❡ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧ ✐♥ t❡r♠s ♦❢ P❛✐♥❧❡✈é ■■
s♦❧✉t✐♦♥ f ✳
Pr♦♣♦s✐t✐♦♥ ✶✳✸✳
❚❤❡ ♣♦t❡♥t✐❛❧ ✭✼✮ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ z ❛♥❞ s♣❡❝tr❛❧ ♣❛r❛♠❡t❡r λ ❛s ❢♦❧❧♦✇s
V (z, λ) = 4z − 2f 2 = 4z − 2β2(e−4λz − e4λz)−2 ✭✶✻✮
❛♥❞ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ♥♦♥✲st❛t✐♦♥❛r② ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ✭✻✮ ❝❛♥ ✇r✐tt❡♥ ❛s
ψ(x, t) = β(1− e−8λz)−1e−4λz+iαt. ✭✶✼✮
✇❤❡r❡ β2 = β∗β✳ ❚❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ f ✐♥ t❤❡ ♣♦t❡♥t✐❛❧ ✭✶✻✮ ✐s ❡q✉✐✈❛❧❡♥t t♦
t❤❡ ❝❡♥tr✐❢✉❣❛❧ t❡r♠ ♦❢ t❤❡ r❛❞✐❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✻❪ ❛♣♣❧✐❡❞ t♦ ❞❡r✐✈❡
t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r♠ ♦❢ t❤❡ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧ ❬✶✼❪ ✲ ❬✷✵❪ ✳ ▲❛t❡r ❝❛♥ ❜❡ s✉❡❞ t♦ s♦❧✈❡
r❛❞✐❛❧ ❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❜② ❛♣♣❧②✐♥❣ ◆✐❦✐❢♦r♦✈✲❯✈❛r♦✈ ♠❡t❤♦❞✳
Pr♦♦❢✿
❚❤❡ ❞♦♠✐♥❛♥t t❡r♠ f 2 ✐♥ ♣♦t❡♥t✐❛❧ ✭✶✻✮ r❡♣r❡s❡♥ts t❤❡ sq✉❛r❡ ♦❢ q✉❛♥t✉♠ P❛✐♥❧♠❡✈é ■■
s♦❧✉t✐♦♥ ❛♥❞ ❡①♣❧✐❝✐t❧② ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛♥❞ ❣✐✈❡♥ ❜②
f 2 = β2(e−4λz − e4λz)−1 ✭✶✽✮
✺♦r
f 2 = β2
e−8λz
(1− e−8λz)2
. ✭✶✾✮
❚❤❡ ❡①♣r❡ss✐♦♥ ✭✶✽✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❡♥tr✐❢✉❣❛❧ t❡r♠ ❬✶✻❪ ♦❢ r❛❞✐❛❧ ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥
1
r2
≈ 4a2
e−2ar
(1− e−2ar
)2. ✭✷✵✮
❜② s❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs β ❛♥❞ a ♦❢ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❛s ❢♦❧❧♦✇s
{
β2 = 4a2
a = 4λ
✭✷✶✮
❛♥❞ ❢♦r ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ✇❡ ❝❛♥ t❛❦❡ r ❛❧♦♥❣ z − axis✳ ◆♦✇ ❛❢t❡r ❝♦♠♣❛r✐♥❣ t❤❡
❡q✉❛t✐♦♥ ✭✶✾✮ ❛♥❞ ❡q✉❛t✐♦♥ ✭✷✵✮ ✇❡ ❝❛♥ ❡①♣r❡ss 1
r2
✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥
f
1
r2
= f 2 ✭✷✷✮
❛♥❞
1
r
= ±f. ✭✷✸✮
❲❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡ ♦❢ ✭✷✸✮
1
r
= f ✭✷✹✮
❛s t❤❡ ♣❤②s✐❝❛❧ ♠❡❛♥✐♥❣❢✉❧ ♦♥❡✳ ❚❤❡ r❡s✉❧t ✭✷✹✮ ❤♦❧❞s ❢♦r ar ≪ 1 ❛♥❞ ❤♦❧❞s ❛❧s♦ ❡q✉✐✈❛❧❡♥t❧②
❢♦r λz ≪ 1✳ ❋✐♥❛❧❧② ✇❡ ❝❛♥ ❡①♣r❡ss t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❢♦r♠ ❬✶✼❪ ✲ ❬✷✵❪ ♦❢ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧
✭✶✺✮ ✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ✭✷✹✮ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠
V (z) = −V0|β|e
−4λz e
−4λz
(1− e−8λz)
✭✷✺✮
♦r
V (z) = −V0|β|
e−8λz
(1− e−8λz)
✭✷✻✮
✇❤❡r❡ |β| = 4(λ2 + 1)
1
2 ✳
✻✳ ❈♦♥❝❧✉s✐♦♥
■♥ t❤✐s ❛rt✐❝❧❡✱ ✇❡ ❤❛✈❡ ❞❡r✐✈❡❞ ❛ ❝♦♥♥❡❝t✐♦♥ ♦❢ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♥♦♥✲st❛t✐♦♥❛r② ❙❝❤rö❞✐♥❣❡r
❡q✉❛t✐♦♥ t♦ t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ ❡q✉❛t✐♦♥ ❛♥❞ ❛❧s♦ ✇❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ t❤❡ s♦❧✉t✐♦♥ ♦❢
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❜② ✉s✐♥❣ q✉❛♥t✉♠ P❛✐♥❧❡é ■■ ❘✐❝❝❛t✐ s♦❧✉t✐♦♥✳ ❲❡ ❤❛✈❡ ❡①♣r❡ss❡❞ t❤❡
❝❡♥tr✐❢✉❣❛❧ t❡r♠ 1
r2
♦❢ t❤❡ r❛❞✐❛❧ ❙❝❤rö❞✐♥❣❡r ♣♦t❡♥t✐❛❧ ❬✶✻❪ ✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é
■■ s♦❧✉t✐♦♥✳ ❲❡ ♦❜s❡r✈❡❞ t❤❛t t❤❡ q✉❛♥t✉♠ P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ f(z;λ) ❝♦✐♥❝✐❞❡s t♦ t❤❡
r❡s✉❧ts ♦❢ ❬✶✻❪ ❢♦r ❝❡♥tr✐❢✉❣❛❧ ❡①♣r❡ss✐♦♥ ❜② s❡tt✐♥❣ t❤❡ ♣❛r❛♠❡t❡rs β ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é
✻ ■❘❋❆◆ ▼❆❍▼❖❖❉
■■ s♦❧✉t✐♦♥ ❛♥❞ a s❝r❡❡♥✐♥❣ ♣❛r❛♠❡t❡r ♦❢ ❨✉❦❛✇❛ ♣♦t❡♥t✐❛❧✱ ❛s β2 = 4a2✳ ❚❤❡ r❛❞✐❛❧ ❝❡♥✲
tr✐❢✉❣❛❧ ❡①♣r❡ss✐♦♥ ❤❛s ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ ❞❡r✐✈❡ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ❛♥❛❧②t✐❝ s♦❧✉t✐♦♥s ♦❢ r❛❞✐❛❧
❙❝❤rö❞✐♥❣❡r ❡q✉❛t✐♦♥ ❜② ✉s✐♥❣ ◆✐❦✐❢♦r♦✈✲❯✈❛r♦✈ ♠❡t❤♦❞ ❬✷✺❪✳ ❋✉rt❤❡r ✇❡ ❝❛♥ ❡①t❡♥❞ ♦✉r
r❡s✉❧ts t♦ ❞❡r✐✈❡ ❛♥ ❡①♣❧✐❝✐t ❡①♣r❡ss✐♦♥ ❢♦r ❑✐❧❧✐♥❣❜❡❝❦ ♣♦t❡♥t✐❛❧ ❬✷✻❪ ❛♥❞ ❬✷✼❪ ✐♥ t❡r♠s ♦❢
P❛✐♥❧❡✈é ■■ s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ β2 ❛♥❞ ❛❧s♦ ✐t s❡❡♠s str❛✐❣❤t ❢♦r✇❛r❞ t♦ ❞❡r✐✈❡ t❤❡
❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ❈♦r♥❡❧❧ ♣♦t❡♥t✐❛❧ ❬✷✽❪ ❛♥❞ ❬✷✾❪ ✐♥ t❡r♠s ♦❢ q✉❛♥t✉♠ P❛✐♥❧❡✈é
■■ tr❛♥s❝❡♥❞❡♥t✳
✼✳ ❆❝❦♥♦✇❧❡❞❣❡♠❡♥t
■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❱✳ ❘♦✉❜ts♦✈ ❛♥❞ ❱✳ ❘❡t❛❦❤ ❢♦r t❤❡✐r ❞✐s❝✉ss✐♦♥s t♦ ♠❡ ❞✉r✐♥❣
♠② P❤✳ ❉✳ r❡s❡❛r❝❤ ✇♦r❦✳ ▼② s♣❡❝✐❛❧ t❤❛♥❦s t♦ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ t❤❡ P✉♥❥❛❜✱ P❛❦✐st❛♥✱
♦♥ ❢✉♥❞✐♥❣ ♠❡ ❢♦r ♠② P❤✳❉✳ ♣r♦❥❡❝t ✐♥ ❋r❛♥❝❡✳ ■ ❛♠ ❛❧s♦ t❤❛♥❦❢✉❧ t♦ ▲❆❘❊▼❆✱ ❯♥✐✈❡r✲
s✐té ❞✬❆♥❣❡rs ❛♥❞ ❆◆❘ ✧❉■❆❉❊▼❙✧✱ ❋r❛♥❝❡ ♦♥ ♣r♦✈✐❞✐♥❣ ♠❡ ❢❛❝✐❧✐t✐❡s ❞✉r✐♥❣ ♠② P❤✳❉✳
r❡s❡❛r❝❤ ✇♦r❦✳
❘❡❢❡r❡♥❝❡s
❬✶❪ P✳ P❛✐♥❧❡✈é✱ ✧❙✉r ❧❡s ❡q✉❛t✐♦♥s ❞✐✛❡r❡♥t✐❡❧❧❡s ❞✉ s❡❝♦♥❞ ❖r❞r❡ ❡t ❞✬❖r❞r❡ s✉♣❡r✐❡✉r✱ ❞♦♥t ❧✬■♥t❡r❛❜❧❡
●❡♥❡r❛❧❡ ❡st ❯♥✐❢♦r♠❡✧✱ ❆❝t❛ ▼❛t❤✳✱ ✷✺✭✶✾✵✷✮ ✶✲✽✻✳
❬✷❪ ❆✳ ❙ ✳❋♦❦❛s✱ ❆✳ ❘✳ ■ts✱ ❆✳ ❆✳ ❑❛♣❛❡✈ ❛♥❞ ❱✳❨✳ ◆♦✈♦❦s❤❡♥♦✈✱ ✏P❛✐♥❧❡✈é tr❛♥s❝❡♥❞❡♥ts✿ ❚❤❡ ❘✐❡♠❛♥♥✲
❍✐❧❜❡rt ❛♣♣r♦❛❝❤✱ ▼❛t❤❡♠❛t✐❝❛❧ s✉r✈❡②s ❛♥❞ ♠♦♥♦❣r❛♣❤s✑✱ ■❙❙◆ ✵✵✼✻✲✺✸✼✻❀ ✈✳✶✷✽✳
❬✸❪ ❉✳ ❇❡ss✐s✱ ❈✳ ■t③②❦s♦♥ ❛♥❞ ❛♥❞ ❏✳❇✳ ❩✉❜❡r✱ ✏◗✉❛♥t✉♠ ✜❡❧❞ t❤❡♦r② t❡❝❤♥✐q✉❡s ✐♥ ❣r❛♣❤✐❝❛❧ ❡♥✉♠❡r❛✲
t✐♦♥✑✱ ❆❞✈✳ ✐♥ ❆♣♣❧✳ ▼❛t❤✳✱ ✶ ✭✶✾✽✵✮ ✶✵✾✲✶✺✼✳
❬✹❪ ❉✳ ●r♦ss ❛♥❞ ❆✳ ▼✐❣❞❛❧✱ ✏❆ ♥♦♥♣❡rt✉r❜❛t✐✈❡ tr❡❛t♠❡♥t ♦❢ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ q✉❛♥t✉♠ ❣r❛✈✐t②✑✱ ◆✉❝❧✳
P❤②s✳ ❇ ✸✹✵ ✭✶✾✾✵ ✸✸✲✸✻✺✳✮
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